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Abstract. Let X" ^ be a smooth, linearly normal algebraic variety. It is shown 
that the Mabuchi energy of {X,llJps\x) restricted to the Bergman metrics is completely 
determined by the X-hyperdiscriminant of format (n — 1) and the Chow form of X. As a 
corollary it is shown that the Mabuchi energy is bounded from below for all degenerations 
in G if and only if the hyperdiscriminant polytope dominates the Chow polytope for all 



maximal algebraic tori H of G. 
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1. Introduction 

Let X" > be a smooth, linearly normal complex projective variety. Let uj = cupslx- 
In this paper we provide the first complete description of the behavior of the Mabuchi K- 
energy of {X, to) restricted to the Bergman metrics . This description is given in terms 
of the X-resultant (the Cayley-Chow form of X) and the X-hyperdiscriminant of format 
(n — 1) (the defining polynomial of the variety of tangent hyperplanes to X x P"-i in the 
Segre embedding ). That the Cayley-Chow form appears in the K-energy is not new and 
is due to Gang Tian. The author's original contribution is the discovery that the hyperdis- 
criminant also appears in the Mabuchi energy of an algebraic manifold . In fact, it is the 
hyperdiscriminant that reflects the presence of the Ricci curvature. The Chow form does 
not. 



Theorem A . Let X^ ^ be a smooth, linearly normal complex algebraic variety 
of degree d > 2 . Let Rx denote the X-resultant (the Cayley-Chow form of X) . Let 
AxxP"-i denote the X-hyperdiscriminant of format {n — 1) (the deflning polynomial for 
the dual ofXx P"~i in the Segre embedding Then the Mabuchi energy restricted to the 
Bergman metrics is given as follows 

(1.1) ;/^(v?a) = deg(fix)log I ' ^ m a^^""^" mJ^ 1 " deg(AxxP"-i) log 



I A ||2 I o\ ^Air- -/--o 1 p 
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Consequently, the asymptotic expansion of the Mabuchi energy along any algebraic one 
parameter subgroup of H (a maximal algebraic torus of G ^is completely determined by 



the Chow poly tope and the hyperdiscriminant poly tope (see (4.14) ). We remark that these 
are compact convex integral polytopes inside x{H) ®i M = , where x{H) denotes the 
rank N lattice of rational characters of H. 



Theorem B . The Mabuchi energy of{X, upslx) is bounded from below along all degener- 
ations in G if and only if for all maximal tori H the hyperdiscriminant poly tope dominates 
the Chow polytope 

(1.2) deg(AxxP-i)AA(i?x) C deg(i?x)Ar(AxxP-i) • 



Theorem C . The Mabuchi energy of{X, ujfs\x) is proper along all degenerations in G if 
and only if for a// < 7 << 1 and all maximal tori H we have 

(1.3) (1 - r7) deg(AxxP-iM^x) + idQg{Rx)SN C deg(i?x)Ar(AxxP-0 ■ 



In the statement of Theorem C we have defined r := deg(X) / deg( Ax 
standard X- simplex in 



-1) and (Sat is the 

The addition on the left side of (1 1.31) denotes the Minkowski 



summation of polyhedra (see (3.9)) . 

The next result provides a weak form of the numerical criterion for the Mabuchi K- 
energy map. 



^We collect all of the basic definitions in sections 3 and 4. 
^In this paper G always denotes SL{N + 1, C). 
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Theorem D . Let H be any maximal algebraic torus ofG. Assume that there is a sequence 
{cTj} C H such that 

liminf v^{lp„^) = -oo . 

i >oo 

Then there exists a one parameter subgroup A : C* — > G such that 

lim v^{ipx{t)) = -oo . 
\t\ ^0 

The author anticipates that the hyperdiscriminant and Chow polytopes will play a deci- 
sive role in the field in the future. It also should be noted that there is no error term ^ in 
( fTT] ), unlike the main resuks of Tian in [|36l (Theorem 4.1 pg. 258), 137| (formula (8.16) 



pg. 34), as well Tian and the author (see [127| pg. 2564 Theorem 3.5). See also (2.2) below. 
In particular the Mabuchi energy restricted to the Bergman metrics is not a singular, or 
"degenerate" norm of the Cayley-Chow form of X, but simply the difference of two quite 
honest norms, one involving Rx and the other AxxP"-i • Consequently the approach of the 
author is quite down to earth and focuses on concrete (tangents, secants. Gauss maps, etc.) 
projective geometric constructions with subvarieties (not schemes) of very much in the 
spirit of F.L. Zak ([|43||), and the seminal paper of Griffiths and Harris fT5\. 

Hilbert schemes, test configurations and fiat families, limit cycles, generalities concern- 
ing G-linearized line bundles, Deligne pairings and "degenerate semi-norms", deforma- 
tions to the normal cone, and the menagerie of numerical slope stability conditions that are 
ubiquitous in the literature are all completely unnecessary in the present article. 

The new perspective in this paper is that the generalized Futaki invariant should not be 
considered as a number, but rather be interpreted as a pair of polytopes associated to any 
smooth, linearly normal projective algebraic variety X ^ P^. 

The polytopes in question are the hyperdiscriminant and Chow polytopes of Cayley and 
Gelfand, Kapranov and Zelevinsky (see [fT2|. [fT4| and [[T8ll ) . The test configurations in 
the literature on K-stability are linear functional on these polytopes. The difference of the 
minima of these functional is what controls the K-energy map for any smooth algebraic 
variety. From the author's new point of view degenerating the variety is not necessary. The 
problem is to understand the relative positions of these polytopes. This does not require 
full knowledge of the X-resultant and X -discriminant, only their supports are relevant. We 
should point out that our expression ( |1.1[ ) for the K-energy map is given for all the Bergman 
metrics, not merely the diagonal ones. As we have mentioned, in the previous theory the 
norms that appeared were "singular" (see [l36l ) . A consequence of our work is that for 
smooth complete intersections the singular part of the norm in Tian's 1994 paper (['361, 
section 1 pg. 241) is given by the X-hyperdiscriminant and the X-resultant. We will report 
on this in a separate article. 

In our previous article [|29l we modified the Cayley-Kempf geometric technique to suit 
problems in geometric analysis, namely energy asymptotics. In this article we use our 
technique to compute the asymptotic expansion of the Mabuchi energy along an arbitrary 
degeneration. Our expansion provides a new definition of the generalized Futaki invariant 
that (i) does not require smoothness (or normality) of the limit cycle and (ii) completely 
captures the behavior of the Mabuchi energy along the degeneration. In the case of a smooth 
limit cycle, our definition agrees with the original definition of Ding and Tian . The gen- 
eralized Futaki invariant proposed by Donaldson in tSJ satisfies (i) but only satisfies (ii) in 
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the special case of reduced limit cycle. Consequently, our work gives a new understanding 
of K- stability . 



Let (X, u) be a compact Kahler manifold. Recall that X is Fano when the anticanonical 
divisor —Kx is positive . A Kahler form u representing the anticanonical class Ci{X) is 
said to be Kdhler-Einstein if Ric(ci;) = uj. The existence of Ricci-Flat metrics in the case 
Ci{X) = has been established by S.T. Yau in his work on the Calabi Conjecture [|42l . 
The case of negative curvature has also been resolved by Yau [42] and Aubin [T\ in the 
70's. Both authors follow earlier work of Calabi and reduce the problem to the solvability 
of a fully-nonlinear elliptic PDE of Monge- Ampere type the solvability of which reduces 
to establishing a priori derivative estimates of the solutions to an appropriate family of 
equations. 

It has been known since the 50's that the Fano case is much more subtle, in that there are 
many examples where there is no Kahler Einstein metric. One requirement is the reduc- 
tivity of ri{X), the Lie algebra of holomorphic vector fields. This is due to Lichnerowicz- 
Matsushima [lll,[|20l. In the 80's A. Futaki [|IOl|,|[IIl introduced the now famous invariant 
that bears his name. This is also related to holomorphic vector fields and is defined as fol- 
lows. On a Fano manifold X we can always choose a Kahler metric uj representing the first 
Chem class. This means that there is a potential function h^i such that Ric{uj) = uj + ddh^. 
Futaki introduces a map 



He shows that this is independent of the Kahler class uj, and so is a holomorphic invariant, 
the Futaki invariant. Clearly this vanishes if X admits a Kahler Einstein metric. Based 
on these facts, it seemed reasonable to conjecture that the existence of a Kahler Einstein 
metric would be assured provided ri{X) = {0}, since all known obstructions arose from 
holomorphic vector fields. This folklore conjecture turned out to be false. There is a 
compact complex Fano 3-fold with no holomorphic vector fields and no Kahler Einstein 
metric. This example was constructed by Gang Tian in [37J, it is a 3-fold discovered by 
Mukai [I22II . [|23l . In 1987 the existence problem for the case of Del-Pezzo surface^ was 
settled in the affirmative by G.Tian [|34l . The uniqueness question was answered by Bando 
and Mabuchi in [3|. Kahler Einstein metrics are unique up to the action of the identity 
component of the automorphisms of M. The key player in the work of Bando and Mabuchi 
is the K-energy map [fT9ll . This is the natural action functional for the problem. 

A fundamental result proved by Bando and Mabuchi in ||3l is that is bounded below 
on the space of Kahler potentials whenever a Kahler Einstein metric exists in the class 
[lu] = c\ [X). On P^, to say that v^^ is bounded from below is the famous Moser - Trudinger 
inequality ( [|39ll . [1211 ) . In 1997 Tian refined this result and provided a necessary and 
sufficient condition for existence of Kahler Einstein metrics with positive scalar curvature 
in the case ri[X') = {0}. He shows that existence not only forces > but a certain rate 
of blow up dictated by the Aubin functional J^. This is called properness. 

The current philosophy is that in order to detect the properness or boundedness of 
one restricts attention to the subspace of Bergman metrics inside (the space of Kahler 

^These are blow ups of CP^ (the number j of points blown up must satisfy 3 < j < 8). 
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potentials) as these metrics are dense in the smooth topology (see [|35l . ||32l . [|44ll . ^ ). 
These metrics are induced by the Kodaira embeddings furnished by large multiples of —Kx 
(or perhaps some more general polarization L ) . It is when we restrict the Mabuchi energy 
to the subspaces defined by the Bergman metrics that we make contact with Mumfords' 
geometric invariant theory. This fundamental discovery is due to Ding and Tian [7J. The 
main technical problem is to let a = At, an algebraic one parameter subgroup, and analyze 

the small t asymptotics lim^ >o'^w(At). It is this problem that I address in the present 

article, and completely solve for any smooth projective variety. In fact I first give a clean 
description of along all of the Bergman metrics, not just the ones associated to A^. The 
description is given in terms of the X-resultant and the X-hyperdiscriminant of Cayley 
and Gelfand, Kapranov, and Zelevinsky . That the X-hyperdiscriminant appears in the 
Mabuchi energy restricted toj^G is the fundamental contribution of this paper . 

In order to help the reader appreciate the new ideas in this paper, let us briefly recall 
the historical development of K-stability and the generalized Futaki invariant. As we have 
mentioned, in 1983 Futaki ( [HOl ) introduced his invariant as a lie algebra character on a 
Fano manifold X. In 1986 Mabuchi (see [T9l| ) "integrated" the Futaki invariant with 
the introduction of the K-energy map. The linearization of the K-energy along orbits of 
holomorphic vector fields is shown to be the real part of the Futaki invariant. In 1992 Ding 
and Tian (IQ) introduced the generalized Futaki invariant. Here the jumping of complex 
structures was first applied to the existence problem for Kahler Einstein metrics. The limit 
of the derivative of the K-energy map was used to define the generalized Futaki invariant 
of X^*^°) ( the flat limit cycle of X under A ) provided this limit had at worst normal 
singularities. In 1994 Tian expressed the K-energy map along the Bergman metrics of 
a hypersurface Xp C CP"+^ as the logarithm of a "singular" norm of the polynomial 
a ■ F , a E G (see [|36l) . In 1997 the CM polarization was defined (see [ 3T|) for smooth 
families, as the relative canonical bundle was explicitly involved in the definition. This 
is a direct generalization of Tian's work on hypersurfaces. In the same paper K-Stability 
is defined in terms of special degenerations and the generalized Futaki invariant. In 1999 
Yotov formulated the generalized Futaki invariant in terms of equivariant Chow groups 
of a normal variety. In 2002 Donaldson ([8J) defined the weight -Fi(A) for an arbitrary 
scheme. Donaldson identified -Fi(A) with the limit of the derivative of the K-energy (by 
(71) when the limit cycle is a smooth (or normal) scheme and so refined Ding and Tian's 
earlier work . The definition of the generalized Futaki invariant adopted by most researchers 
in the field today is that of Donaldson . In 2004 the CM polarization was extended to the 
Hilbert scheme by the author and Tian. In particular the dependence on the existence of 
the canonical bundle was removed. This sheaf is G linearized . The corresponding weight 
of the action of any one parameter subgroup of G is shown to coincide with Donaldson's 
weight Fi{\). As a consequence we obtained unrestricted asymptotics of the Mabuchi 
energy in terms of Fi{\) provided X "moves in a good family" . This movement hypothesis 
captured the essential features of the situation for smooth hypersurfaces in a projective 
space studied by Tian in 1994. 

In all of these developments the following issues stand out . 

(1) The generalized Futaki invariant is a number. 



In this paper G always denotes the special linear group. 
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(2) This number is defined through degenerating the variety X to the flat limit cycle 

(3) Computing the generalized Futaki invariant requires a fair amount of smoothness of 
the limit cycle. Unfortunately, this limit is almost always non-reduced at every point. 



In order to appreciate the advances made in this paper, we discuss in more detail the 
previous approach of Tian and the author . In particular we describe all of the assumptions 
we imposed in [[3T]| in order to analyze the hmit of i'u{'^\(t)) as t — > 0. In this paper all 
of these assumptions are removed . 

In [30] families X S of the following type were considered. X and S are smooth 
and closed. 

(1) X C S X P^; denotes the complex projective space of lines in C^+^ . 

(2) p := pi : X — > S' is flat of relative dimension n, degree d with Hilbert polynomial 
P. 

(3) Llx^ is very ample and the embedding X^ : = p^^{z) > P^ is given by a complete 
linear system for z E S. 

(4) There is an action of G on the data compatible with the projection and the standard 
action on P^. 

Below Chow(X/S') denotes the Chow form of the family X/S, /i is the coefficient of 
j^n-i p(^^)^ |g jj^g coefficient of (™) in the CGKM expansion of det(pi^L®'^) for 

m >> and ^ is a line bundle on S associated to the data (l)-(4). A complete discussion 
of these notions is given in [[30ll . 

In order to reconcile Tian's notion of CM-stability and Donaldson's concept of K- stability, 
Tian and the author introduced the following. 
Definition {The refined CM-Polarization). 



Li(X/5) := {Chow{X/S) ® A^,;2("+i) 

As we mentioned above, the weight of any A on this line bundle is Fi(\). Tian's arguments 
from 1997 were easily adapted to prove the following . 

Theorem (Paul,Tian [|3ll). Let \\ \ \ be any smooth Hermitian metric on ^ |^ Then there 
is a continuous fiinction '■ 5'\A— > {—oo, c) such that for all z E S/ A 

(2.1) d{n + = log (e^"^'^"^^'^^^^!^) • 

Here c denotes a constant which depends only on the choice of background Kdhler metrics 
on S and X, A denotes the discriminant locus of the map pi, anduj\y;_^ denotes the restric- 
tion of the Fubini Study form ofF^ to the fiber X^ . 



The purpose of the definition and the theorem were to establish the following. 

^h^^ denotes the dual of Li. 
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Corollary (Paul , Tian [|3T1l ) (Algebraic asymptotics of the Mabuchi energy). 

Let ipx(t) be the Bergman potential associated to an algebraic one parameter subgroup A 

of G, and let z ^ S \ A. Then there is an asymptotic expansion 

(2.2) d{n + l)z/^|^^ (v9A(i)) - ^s(A(t)) = F,{X) \og{\t\^) + 0(1) as \t\ ^ 0. 

Moreover ^5(A(t)) = ^(A) \og{\t\^) + 0(1) where V^(A) G Q>o. Moreover, V^(A) G Q+ if 
and only if \(0)^z = '^\(o)z (the limit cjc/e|^o/X^ under A ) has a component of multi- 
plicity greater than one. Here 0(1) denotes any quantity which is bounded a5 |t| — > 0. 

To summarize, 

(1) In order to compensate for the severe singularities of X^^^^ we hypothesized the ex- 
istence of a larger, smooth family which contained a given (X, L) as a fiber. 

(2) Even if we grant the movement hypothesis, there is an "error term" \E'5 in the ex- 
pansion (|2.2|). 



(3) Consequently the dominant term in i'uj{'^\{t)) is (-Fi(A) + ^(A)) log(|t 



2^ 



The last point is the most serious and has been for the most part completely ignored 
in the literature]^ What one needs to understand is not -Fi(A) but the total contribution 
Fi(A) + ^/'(A) . To do this it is first necessary to understand along all of G. 

This paper is organized as follows. In section 3 we recall the standard energy functionals 
in Kahler geometry, in particular we recall the Mabuchi K-energy map as it plays a central 
role in this paper. The reader is warned that the definition of the Mabuchi energy in this 
paper differs from the traditional one by a factor of (n + 1 ) , where V denotes the volume. 
We also recall the basic terminology of representation theory and geometric invariant theory 
that we require. In particular we define the weight polytope of a point t> 7^ in a finite 
dimensional complex G module E . The reader should refer to this section as needed. 
In section 4 we describe all of our results and their interrelationships. In section 5 we 
discuss in detail several examples that illustrate the general theory. In section 6 we describe 
the algebraic and analytic aspects of the Cayley-Kempf-GKZ geometric technique. The 
analytic aspect of the technique is new and is the author's original contribution to the study 
of stability and canonical Kahler metrics. The main result of this article is an application of 
the technique. In section 7 we apply the geometric technique and thereby prove our main 
result (4.8 ). In section 8 we use Theorems A and B to give a direct proof that the Mabuchi 
energy of the rational normal curve (i.e. in its Veronese embeddings) is bounded below 
along all degenerations A in the standard algebraic torus. With more work, this can be 
removed and will be carried out in a subsequent article. Section 9 is devoted to some 
directions for future research. In particular I pose the question of establishing a "non- 
convex" numerical criterion. 



^SeeHHpg. 61. 

•7 

However, in the summer of 2006 Donaldson mentioned to the author that he was aware of the fact that 
Fi{X) was not the full contribution to the Mabuchi energy asymptotics. 
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3. Preliminaries and Notations 



3.1. Energy Functionals in Kahler Geometry. Let (X, on) be a Kahler manifold. We 
always set /i to be the average of the scalar curvature of u and V to be the volume 



:= 1 /" Scal(cj)cu" V := [ 
The space of Kahler potentials will be denoted by H. 



X 



:= {if e C°°(X)|u;^ ■.= iu + ^ddif > 0} . 

/TT 

The Mabuchi K-energy, denoted by u^, is a map : Huj — > K and is given by the 
following expression]^ 

(3.1) := -{n + 1)V [ [ v3t(Scal((^t) - fi)u'^dt. 

Jo Jx 

Above, (ft is a smooth path in Hui joining with The K-energy does not depend on the 
path chosen. If (/? is a critical point of the Mabuchi energy then Scali^{ip) = fi . 

Suppose that uj satisfies Ric(to') = ^cu + ^^^ddh^ . In this case there is the following 
well known direct formula for the K-energy map. 



(3.2) 



V{n + 1) "^^^ Jx K^'' J n 



X 



1 /■ """^ 



2-K n + l 

We will also require at some point the Aubin Mabuchi functional 

(3.3) F^icp) := U^) - ^ J^cp cu'' . 

Recall that the Mabuchi energy is proper provided there exists constants /3 > and 7 
such that for all 93 G we have 

(3.4) ^.{ip)>PJM + l. 
The notion of propemess is due to Tian (see lITTll ). 



Once more, we warn the reader that our definition of u^^ differs from the usual one by a factor of 
y2(n + l). 
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3.2. Representations, Weights, and Polytopes. In this section we follow the discussion 
in section 1 of [|T8l . Let ii^ be a finite dimensional complex rational representation of G. 
Fix a maximal torus H = (C*)^ of G. Let x{H) denote the character group of H, these 
are algebraic homorphisms x '■ H — ^ C* 

x(ti,t2,...,t7v)=CC---C m,GZ. 
Therefore we make the identification 

X = {mi, 1712, ■ ■ ■,mN) G . 

It is clear that xiH) is a lattice of full rank in the N dimensional real vector space 

X{H) ®z M. 

E decomposes under the H representation into weight spaces E^ 

(3.5) E = teH acts on E^ by x{t) ■ 

Let t> e i^^ be a nonzero vector in E then v decomposes into weight vectors 

(3.6) v= ^ v^. 

X6 SUpp(»;) 

supp(f ) denotes the support of v. supp(f ) consists of all x ^ xiH) such that f x 7^ (the 
projection of v into E^^). We call x ^ supp(u) the weights of v. 
A one parameter subgroup of G is an algebraic]^ homomorphism 

A : C* ^ G . 

Any such A(t) can be diagonalized. That is, we may assume that A(t) takes values in the 
standard maximal torus H = (C*)^ of G. 

't™" 

A(t) = I . . . 
t""^ 



The exponents rrii satisfy 



mi = 0. 



0<i<7V 



The space of one parameter subgroups will be denoted by T{H) . We often call A G T{H) 
a degeneration . Recall that T{H) is dual to the space of characters . The duality is given 
as follows 

In other words there is an isomorphism 

(3.7) T{H) ®z M ^ {x{H) ®^ M)^ . 



The integral linear functional corresponding to A via the identification (3.7 1 will be denoted 
by h. 

Definition 1 {weight polytope). Let v G E \ {0} then the weight polytope is the convex 
hull of all X G supp(t'). This polytope is denoted by J\f(v) and is a compact convex integral 
polytope inside x{H) ®z M = M^- 



■'algebraic" means that the matrix coefficients X{t)i,j G C[t, t ^]. 
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Let El and E2 be two finite dimensional G modules. Let Vi E Ei \ {0}. Then 

(3.8) Af{vi ® V2) = Af{vi) + U{v2) . 
Where the addition denotes the Minkowski sum of the two poly topes 

(3.9) M{vi) + J\f{v2) ■.= {x + y\xe M{vi) , y e M{v2) } • 

Remark 1. The weight polytope depends on the choice of a maximal algebraic torus H. 
When we wish to emphasize this dependence we shall write Mniv) . 

Proposition 3.1. Fix a maximal torus H, let v E E \ {0}, and let a E G. Then we have 
the relation 

(3.10) Ad{a) [Mui^y ■ v)) = M^^.hM 

Where Ad{a) denotes the linear extension of the induced equivalence ofL modules 

Ad{a) : x{H) xi^'^Ha) 

(3.11) 

Ad{a){x){'r) ■= xi^^TC^'^) far all r E a'^Ha . 
Definition 2. The weight wx{v) of X on v E E is the integer 

wxiv) ■= min{^.gAr{i,)} hix) = min{< xA > \x ^ supp(t;)} . 
It is clear that wx{v) is the unique integer such that 

limt~^^^'"^ X(t)v exists and is not zero. 

Let 1 1 1 1 denote any norm on E. Then we have that 

(3.12) limlog(||A(t)i;||2) =w,(t;)log(|t|2) + 0(l) . 

Basic to the author's new approach to stability is the following proposition whose (easy) 
proof is left to the reader. 

Proposition 3.2. Let Ei and E2 denote two finite dimensional complex rational Hermitian 
representations ofG. Let Vj E Ej \ {0}. Let di E IR+ i = 1,2. Fix a maximal torus H. 
Then the following are equivalent 



t) di log (^^^^ J - ^2 log j^^ " j > -00 for all X E T{H) . 
ii) d2M{v2) C diJ\f{vi) C = x{H) ®z M . 

(3.13) 

in) For all linear functionals I on we have the inequality 

d2minj^(^t,.-^)l — diminj\f(^y-^)l > . 



In view of proposition (3.1 ) we have the following. 
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Proposition 3.3. The following statements are equivalent . 





Vl\ 


12 




\vi\ 


2 



\m- 


V2\ 


12 




\V2\ 


2 



d2 log : > -oo for all X E T{G) . 



ii) For all maximal tori H we have (i2A//f(f2) C diAfnivi) . 

(3.14) 

in) For a fixed maximal torus H and all a E G we have 

d2J^H{<y ■ V2) C diAfnicr ■ fi) • 

If we assume that our maximal torus is compatible with the metrics we have chosen, then 
a stronger result can be proved. 

Lemma 3.1. (Sun's lemma) Fix a maximal torus H. Assume that the H weight space 
decompositions of the Ei are orthogonal with respect to the given Hermitian metrics. Then 
the following are equivalent . 

i) dihg {\\t ■ viW^) -rf2log(||t-f2in >CforalltEH . 

ii) d2N'{v2) C diN'{vi) . 



Proof. In view of proposition (3.2) we have that i) implies ii). The assumption of orthog- 
onality implies that 



xesupp(t;i) 



|2 



XI 



(3.15) = e'^-i^»'°sl*'l||(t;i) 

xesuppK) 



> e-^"^^"^^^W-)^"^-^'^°^l*'IWn,esupp(..)ll(^0 



XI 



Therefore taking the logarithm gives us the lower bound 
(3.16) 



N 



di log {\\t ■ flip) > -2rfimin^gsupp(^i){- Y \ti\} + di log (min^6suppK)||(^^i)xin 



i=l 



Similarly we have 

< e'"'^''^^supp(.2){Ef=iX.iog|td}||^^||2 

(3.17) 

= g-2min^gSupp(.,){E.=i-x.iog|t.|}M ^||2 _ 
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Therefore 

N 

(3.18) d2log{\\t-V2\\^) < -2d2min{J]-xaog|ti|} + rf2log(||t;2in . 

i=l 

Below k denotes the linear functional /t : = ( — log | ti | , — log | ^2 1 , • • • , — log | ^at | ) . Then 
we have the inequalities 

(3.19) 

dilogdlt-ViW") -d2\0g{\\t-V2\\'') > 

2d2minx^^^)lt - 2diminj^^y^)lt + di log (min^6suppK)||(^^i)xin " ^2 \og\\v2\\'^ > 
rfilog (niin^esupp(i,i)||(fi)xlP) - c?2log||f2|P • 

□ 

In the next result we make the assumption that the weight space decomposition is or- 
thogonal for the standard torus (C*)^ in G. 

Corollary 3.1. Let H be any maximal algebraic torus ofG. Assume that there is a sequence 
{(Tj} C H such that 

(3.20) liminf(iilog(||(Ti-wi||2) - ^2 log (| |a, ■ t;2| P) = -oo . 
Then there exists A G T(G) such that 

(3.21) lim di\og[\\\{t)-vi\\^) -d2\og{\\\{t)-V2\\'') = -oo . 

\t\ ^0 



The proof of the corollary is a modification of lemma (3.1). □ 

Next we recall the Bergman metrics associated to the embedding X ^ P^. These 
metrics are parametrized hy G/K where K is the maximal compact subgroup of G. Let 
cr e G, then 



a*ujFS = ^FS + -w-^ddf^a > 0. 
Zn 

In this way we produce a set theoretic map 

G/K 3a^if^en^ 
whose image is, by definition, the space of Bergman potentials. 

Definition 3 (Bergman metrics). The Bergman metrics associated to the embedding of X 
in are given by 



(3.22) Berg^,^{Lj) := {u^ := u + ^^^—^ddip^l cr G G} . 
It is easy to see that ^p^ is given by the formula 

(3.23) ip^ = log (^j^pj e ■ 

In the text, ^^{cr) := ^^{(pa), in this way we may consider the K-energy as a function on 
G. 
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4. Statement of Results 



Informally, some of the results in this paper are the following, a more detailed and pre- 
cise account appears below. 

• The Mabuchi energy restricted to G is completely determined by the X-hyperdiscriminant 
of format [n — 1) (the dual to X x P"~^ in the Segre embedding) and the X-resultant ( the 
Cay ley-Chow form of X). 

• Consequently, the asymptotic expansion of the Mabuchi energy along all degenerations 
is determined by the Chow and hyperdiscriminant polytopes. 

• ^i^{'^x{i)) has a logarithmic singularity as \t\ — > 0. The coefficient of blow up is an 



• A new notion of K stability /semistability for polarized manifolds formulated in terms 
of the hyperdiscriminant and Chow polytopes. 

• A polarized manifold is K semistable if and only if the Mabuchi energy is bounded 
below along all degenerations. 

• A polarized manifold is K stable if and only if the Mabuchi energy is proper along 
all degenerations. 

• An anti-canonically polarized Fano manifold admits a Kahler Einstein metric only if 
it is K semistable. More generally, a polarized manifold admits a metric of constant scalar 
curvature only if it is K semistable. A Fano Kahler Einstein manifold without holomorphic 
vector fields is K stable. 

Definition 4 ( The Dual Variety). Let X" be a smooth, linearly normal subvariety 

of degree d . The dual variety to X, denoted by X^, is the variety of tangent hyperplanes 
toX 



Tp(X) denotes the embedded tangent space to X at the point p. It is an n dimensional 
linear subspace of P^. 

Usually the codimension of X^ is equal to one. When X^ is indeed a hypersurface 
(following Gelfand, Kapranov and Zelevinsky) the defining polynomial is denoted by Ax, 
which we shall call the X -discriminant . 



(4 3) X X P^'*-* •— X^ X P'^ X P^^ X • • • X P^*" p(A'+i)(^i+i)(i2+i)--(^fe+i)-i 



Then the X- hyperdiscriminant of format {h, I2, ■ ■ ■ , h) is the defining equation of 



integer. 



(4.1) 



X^ = 



|y g pivv I ^^^^^ ^ j^^^j^ for some p G X} . 



(4.2) 




(4.4) 
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provided that this has codimension one. The circumstances which insure that the dual de- 
fecj^of the Segre image of X x P^'*) is equal to zero has been completely worked out 
by Weyman and Zelevinsky in pT|. In these cases we say that the hyperdiscriminant is 
well-formed. When N = n and therefore X = P" the hyperdiscriminant is the hyperde- 
terminant of Cayley, Gelfand, Kapranov, and Zelevinsky see [13J. What is relevant for my 
applications to the Mabuchi energy are the hyperdiscriminants of format {n — 1). In this 
paper we make extensive use of a result due to Beltrametti, Fania, and Sommese which 
expresses the degree and codimension of the dual in terms of the top Chern class of the jet 



bundle (see 7.2). 



Theorem (Beltrametti, Fania, and Sommese ["41). 

X^ is a hypersurface if and only z/c„( J((9x(l)) 7^ 0. Moreover, 

Odeg(Ax) = /^c„(J(Ox(l)). 

More generally, when 6{X) > 0, we have the following 
zz) deg(XV) = /^c„_,(x)(J(Ox(l))o;^(^) . 
2m) 5iX) = mm{k I Cn-kiJiOxil)) ^ 0} . 

This result can be used to give a prool[^of the following result of Weyman and Zelevinsky. 



Theorem (Weyman, Zelevinsky [|41J). Let be a smooth, n dimensional, linearly normal 
subvariety ofF^ where N > n, then 

(4.5) X X P", X X P'"-\ . . . , X X P^(^) 

are all dually nondegenerate in their Segre embeddings. Moreover, 
i) AxxP" = Rx {the "Cayley trick" ) 

(4.6) 

a) AjYxp^c^) = -Rxv {the "dual Cayley trick" ) . 

Remark 2. Once more, the reader should bear in mind that there are smooth varieties 
X whose dimensions exceed 2 such that 5{X) > ( for example P^ x P^ in its Segre 
embedding ) . Zaks' bound 6{X) < n — 2 implies that the hyperdiscriminant AxxP"-i 
is well formed for any X (irreducible, linearly normal, deg(X) > 2) . This is a good 
reason to single it out. It is not the only reason. My work here rests on the following 
observation. The hyperdiscriminant of format {n — 1) involves only the Ricci curvature of 



(X, ujps\x)- It was (4.6) together with the author's work on Chow forms and the Aubin- 
Mabuchi functional F^^ which suggested that this should be the case. 

Definition 5 (Cayley-Chow Forms). Let X" P^ be an irreducible, linearly normal 
subvariety of degree d . The Cayley-Chow form of X, denoted by Rx, is the defining 



'^Recall that the dual defect of X ^ is, by definition, the nonnegative integer S{X) N 
dim(X^) — 1. Most varieties have dual defect equal to 0. 
^^More precisely, one can deduce the first statement . 

'^The reader should realize that this amounts to the fact that A^xP"-! is a non-constant polynomial. 
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polynomial of the divisor 

(4.7) {L G G(iV-n- 1,P^)| LnX ^ 0} = I Rx{L) = 0} . 

Rx has degree d in the Plucker coordinates, moreover Rx is irreducible ifX is irreducible. 

The main result in the paper is the following, as usual G denotes SL{N + 1, C) . 

Theorem 4.1. Let X" ^ be a smooth, linearly normal algebraic variety of degree 
d > 2 . Let Rx denote the X -resultant (the Cayley -Chow form of X) . Let AxxP"-i 
denote the X -hyperdiscriminant of format [n — 1) . Then the K-energy map restricted to 
the Bergman potentials ipa , a E G is given as follows 

(4.8) u^{(fa) = deg{Rx) log ( "'^ ^^^i^" jjl J _ deg(AxxP"-i) log | ^^Zjf'nl 

|AxxP"-i|| / \ \\-^x\\ 



In the statement of the theorem 1 1 1 1 is essentiall>[_|the standard norm on polynomials. 

Discussion. We may view the discriminant and the Chow form as polynomials on vec- 
tor spaces of matrices: 

-^XxP"-! ^ C[M„x(Ar+l)] 

(4.9) 

Rx e C[M(„+i)x(Ar+l)] . 

The action of a G GL{N + 1, C) on these two polynomials is given by 

0" ■ AxxP"-i((Oii)) = AxxP"-i((oii) ■ 0-) 

(4.10) 

(T ■ Rxiic^j)) = Rxiicij) ■ a) . 
Let r G C* and a E G. Then we obviously have that 



I ■ AxxP"-i|| \ ^ /A M n i2n , 1 ( \W ■ ^xxr"''^\ 
log I ^ 7^2— = deg(AxxP"-i)log(|r| ) + log — ^ 



2 



(4.11) 



|AxxP"-i|| / \ ||Axx 



l-S I ) = <i=g(«-v) 'osdrl'^) + log (11^' 



In — 1 



Therefore the difference (4.8) is obviously scale invariant. Similarly we have the scaling 



transformation for the Bergman potential 

Translation invariance of the Mabuchi energy then says that 

'^The norm in theorem is equivalent to the standard norm on polynomials. The construction of this norm 
is due to Tian. For the precise definition see 
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The conclusion is that the identity (4.8 1 is actually valid on all of GL{N + 1, C). To put it 
another way, suppose one makes the ansatz that (using abbreviated notation) 

^^{a) = Ki \og{a • A) + fi:2 log(cr ■ Rx) 

for undetermined constants ki, K2. Then the fact that the Mabuchi energy is translation 
invariant /orce* the constants to satisfy 

(4.12) Meg(A) + «:2deg(i?x) = . 



This is precisely what (4.8) says. In particular 

The Mabuchi energy restricted to G is not convex . 

Definition 6 {Hyperdiscriminant and Chow Polytopes ). Let X ^ be a smooth lin- 
early normal subvariety . Fix a maximal algebraic torus H in G. The hyperdiscriminant 
polytope of X is the weight polytopeA/'(AxxP"-i) of the X-hyperdiscriminant. The Chow 
polytope is the weight polytope M{Rx) of the X-resultant (the Cay ley-Chow form of X). 
These are both compact, convex, integral polytopes inside of x{H) 02 1^ — I^^- 

Remark 3. These polytopes should be viewed as the Newton polytopes of the correspond- 
ing polynomials. Once more we emphasize that they depend on the choice of H . 

Definition 7 {The generalized Futaki invariant). Let X be a smooth, linearly normal 
subvariety of P^. Fix any maximal torus HofG and let A be any degeneration of H. Then 
the generalized Futaki invariant Fp(\) of the degeneration A is the integer given by 

(4.13) 

Fp(A) := deg(i?x)min|^eAr(A^^p„_i)} lx{x) - deg{Axx¥"-^)v^i^{x&X{Rx)} h{x) ■ 

These definitions are justified by the following corollary. 

Corollary 4.1. (Mabuchi Energy Asymptotics on Algebraic Manifolds) 
There is an asymptotic expansion as \t\ ^ 

(4.14) JyU^xit)) = Fp{X) log(|tn + 0(1) . 

In particular, i'uj{'^x{t)) has a logarithmic singularity as \t\ ^0, and the coefficient of blow 
up is an integer. 

The next result gives the (conjecturally only) circumstance under which Donaldson's 
generalized Futaki invariant -Fi(A) coincides with our new generalized Futaki invariant. 

Corollary 4.2. It follows from the work of Ding-Tian and Donaldson that 

(4.15) Fp{X) = Fi(A) 
whenever X'^^^^ is smooth. 

Remark 4. We cannot overemphasize the fact that -Fi(A) does not in general dictate the 
behavior of the Mabuchi energy. 

The following conjecture is most certainly true and should follow from the Cayley 
method for discriminants, it describes the precise relationship among the stability notions 
proposed by Tian in [i37il . Donaldson in [Sj and the author's new notion of K stability. 



DISCRIMINANT POLYTOPES 17 



Conjecture 1. For all degenerations A we have the inequality 
(4.16) Fi(A) < Fp(A) . 

Equality holds if and only if the limit cycle X^^'^'^ is reduced. 



From (4.14) we deduce the further corollary. 

Corollary 4.3. The Mabuchi energy of (X, ujfs\x) is bounded below along all degenera- 
tions ofH if and only if 

(4.17) deg(AxxP-i)Ar(i?x) C deg(/?x)Ar(AxxP-i) • 

This motivates the following new stability concept, which we call K ( semi) stability in 
order to avoid proliferation of terminology. It extends the concept of K- semi stability pro- 
posed by Tian in [[37l. Our new idea is quite different from that proposed by Donaldson 
in lIHl and developed by his many followers. The reader should keep in mind that the 
crucial difference between our formulation and the conventional one is that from our new 
viewpoint the limit cycle plays no role. 

Definition 8 ( /sT semistability). Let X" be a smooth, linearly normal variety with 

degree d > 2. We say that X is K semistable provided that for all maximal tori H of G we 
have 



(4.18) deg(AxxP-OA/'(^x) C deg{RxWiA 



XxF" 



Remark 5. H must be allowed to vary in our definition. This is due to our requirement 
that the K stability of X imply (and be implied by) the K stability of any subvariety of 
projectively equivalent to X. 

Fix a maximal torus H in G. We want to give a precise definition of the standard N- 
simplex in x{H) M = ■ Up to the action of the Weyl group of T := (C*)^ there is 
a unique a E G such that H = aTa'^. Let Xj (1 ^ ^ ^ ^) denote the standard basis of 

X(T) 

(4.19) X^it)=U t= (ti,t2,...,tiv) eT. 
Define the standard basis of xiH) by 

(4.20) er.= Adia-'){xi) ■ 
Then the standard N simplex in x{H) ®z M is given by 

N 

(4.21) Sm '■= convexhuujei, 62, ... , e^, • 



Letr := deg(X)/ deg(Ax> 



Definition 9 {K stability). X is K stable provided that for all < 7 << 1 and all maximal 
tori H we have 

(4.22) (1 - r7) deg(AxxP"-OA/'(^x) + ldeg{Rx)SN C deg{Rx)M{Axx¥--^) • 

Observe that as 7 — > in ( 4.22| ) we obtain K semistability. 

Remark 6. K (semi)stability is an extrinsic notion. It only makes sense for a variety X 
together with a linearly normal embedding in some P^. 
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Next we introduce the obvious definitions of K (semi)stability for a polarized manifold. 

Definition 10. Let (X, L) be a polarized algebraic manifold. We say that {X, L) is K 
semistable provided all of its projective models are K semistable. That is, for all A; > 1 we 
have 

(4.23) deg(AxxP"-i; L>^W{Rx; ^ deg(i?x; Lfe)A/'(AxxP-i; 

for all H. A polarized manifold is K stable if and only if ([9]) holds for all A; > 1 with 7 
independent of k. 

Remark 7. The reader has probably noticed the amusing formal similarity with the stability 
condition for analytic vector bundles. Let C be a smooth curve, let £^ be a holomorphic 
vector bundle over C. Recall that £ is said to be semistable if for all sub-bundles S C £ 
we have 

(4.24) deg(5)rank(£) < deg(£)rank(5) . 

We can reformulate the preceding corollary with our new definition of K (semi)stability, 
which we state as a theorem (theorems B and C). 

Theorem 4.2. A polarized manifold {X, L) is K semistable if and only if the Mabuchi 
energy is bounded below along all degenerations. (X, L) is K stable if and only if the 
Mabuchi energy is proper along all degenerations. 

In view of the basic result of Bando and Mabuchi, Tian, Donaldson, and Tian and Chen 
we have the obvious and immediate corollary. 

Corollary 4.4. If a polarized algebraic manifold (X, L) admits a metric of constant scalar 
curvature in the class ci{L) then it is K semistable. 

Remark 8. The reader should observe that, modulo Chen and Tian, there is nothing to 
prove. In other words, K stability is a translation into algebraic geometry of the lower 
boundedness of the Mabuchi energy . 

4.1. Space Curves. Recall that the rational normal curve Xj of degree d in P*^ is the 
image of under the dth Veronese map 

Ud-.F^ — > P"' 

(4.25) 

Ud{[zo : z,]):=[z^ : zfzi : ... : z'^]. 

(4.17) is particularly interesting when X = X] (d > 2). We state this explicitly in the 
following proposition. We remark that the hyperdiscriminant and the discriminant coincide 
when n = 1. 

Proposition 4.1. The Mabuchi energy is bounded from below along all degenerations X of 
SL{d + 1, C) if and only if the discriminant polytope dominates the Chow polytope for all 
maximal tori H 

(4.26) ('^\m{R^.)(iM{^x^). 
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The preceding proposition establishes the equivalence of a lower bound on the Mabuchi 
energy restricted to any A and the polytope inclusion. Of course, by assuming either the 
Bando-Mabuchi theorem or the Moser Trudinger inequality the polytope inclusion (4.26) 
follows at once. In fact by using results of Gelfand, Kapranov and Zelevinsky (see [12J) 
one sees that the following is true. 

Proposition 4.2. Let X\ denote the rational normal curve of degree d > 2. Then the 
containment ^4.26) holds for the standard torus H. 



In particular, from Theorem A and lemma (3.1) we deduce the following "algebro- 
geometric Moser-Trudinger inequality" which I state as a theorem. Below, H denotes 
the standard torus. 

Theorem 4.3. Let ^ F'^ denote the rational normal curve of degree d > 2. For all 
t & H we have the uniform lower bound on the variational functional 



(4.27) ] [ (I V^'Vtp + 2K^i;t) > 2c?min^esupp(A^o log 



|Avl| 



Where ipt is the conformal factor log (^) . 

Remark 9. Note that a considerable amount of positivity has been thrown away on the 
right hand side of (4.27), that is, we actually have a much stronger inequality than (4.27). 
This will be dealt with this in a subsequent article. 

When the genus g of the curve X is > 1 we have the following theorem which fol- 
lows from Mumford's verification of the stability of the Chow form of a space curve and 
Theorem 14.11 . 

Theorem 4.4. Let X ^ be a smooth linearly normal algebraic curve such that 
deg{X) > 2g. Then Ax is stable for the action of SL{N + 1, C) . 

Discussion . 

As we will remark on later in the paper, it is known that 

(4.28) deg(Ax) = 2d-2 + 2g . 
In particular 

(4.29) deg{Ax) ^d-l + g ^^^(g 



deg(-Rx) d \ d 

g denotes the genus of the curve. Therefore we see that 

tA -3m d^g(Ax) ^ , ^^ deg(Ax) . . deg(Ax) ^ ^ / ^ i n 

deg(i?x) deg(i?x) deg(i?x) 

Therefore, the Chow polytope "contracts" relative to the discriminant polytope as g — ^ oo. 

Corollary 4.5. Let X ^ be a smooth linearly normal projective algebraic curve of 
genus g > 1 and degree d > 2 . Then Af{Rx) lies strictly in the interior ofAf{Ax)- 

Discussion . When g > 1 the Mabuchi energy is automatically bounded from below and 
our main result (4.1 ) implies at once the inclusion of the polyhedra. This inclusion is not 
obvious (to the author) due to the non-explicit nature of the dual to and Cayley-Chow form 
of a general curve of high genus. Simply put, there seem to be no formulas for them. 



20 



SEAN TIMOTHY PAUL 



An interesting question is to show directly that the inclusion holds without using the K- 
energy. The author has no idea about how to do this. When g — a lower bound on 
is quite non-trivial, this is essentially the Moser-Trudinger inequality (or a special case of 
the Bando-Mabuchi inequality ). Our main result says that the Moser-Trudinger inequality 
along degenerations is equivalent to this polytope containment. In the case of g — unlike 
higher genera, there are explicit formulas for the dual to and Chow form of the rational 
normal curve. However, these formulas are incredibly complicated. For example, Rxi has 
on the order of 350 monomials. 

5. Examples 

Let X P^, then the Cay ley Chow form Rx may be considered as a concrete polyno- 
mial of degree d in the (n -I- 1) x {n-\- 1) minors of {wij) e M(„+i)x(iv+i)(C) 



Rx{Wij) = 




p ai p ai 
..afc-' h ^ h 




\a\=d 










Pi := det 













This point of view is taken in the examples that follow, in particular for the rational normal 
curve X\ and smooth hypersurfaces Xp. 

Recall that the rational normal curve of degree d is given by the image of the dth Veronese 
map Vd, on 

{z^ ■ e pi ^ P'^+^ 

y^iXz^ : ;si]):=[4: : • • • : ^i] ■ 

By definition, Zj^^i consists of all d — 2 dimensional linear subspaces L that meet X\ . Such 
an L arises as the kernel of a linear map A : C^"^^ — of rank 2. Let us write 

~ \bo bi ... hd) ' 
Then L = ker(74) meets X^ if and only if 

aoz'^ + aiz'^-^ + . . . = 



boz'^ + hiz'^-^ + . . . 6rf = 
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Therefore, Rxi is the classical resultant of two polynomials of degree d. This is the reason 

d 

why Rx is called the X-resultant. For example, when d — 3we have 

/ao 60 ON^ 

01 Oq &i &o 

02 Oi Oo &2 bo 

as a2 fli 63 62 &i 

as a2 63 62 

\0 a3 63/ 



(5.1) 



CIq (1\ Q,2 Ci^ 

bo bi 62 bs 



det 



Let Xp = {F = 0} be an irreducible hypersurface in P"+^. Given A G M(n+i)x{n+2){^) 
with maximal rank we set L := ker(y4). Then L e G(0, P'*+i) and we have that 

L = (-A(1),A(2), (-ly+'Aii), + 2)) . 

A{i) is the determinant of the (n + 1) x (n + 1) matrix obtained from A by deleting the i^'^ 
column. Therefore, the Cay ley-Chow form i^i;' of a hypersurface is given by 

Rp(A) = F(-A{1),A{2), (-iy+'A(i), + 2)) . 
Let H be the standard maximal torus of SL{n + 2, C), then 

{A.t){i)^Ylt,A{{) = ti'A{i) ten. 

Therefore t acts on A{i) in the same way it acts on Zi. Therefore 

M{F) ^U{Rf) . 
In particular, for all one parameter subgroups A we have 

wx{F) = wx{Rf) . 

With this understood, we proceed to our first example. We remark that the examples that 
follow have been understood since the 1800's, but our emphasis, namely the inclusion of 
the polytopes, seems to be new. 

Example 1 . ( The quadric in ) 

Let Xf = Xl ^ Then F = Q a smooth quadric. We will see that the (scaled) Chow 
polytope cannot lie strictly in the interior of the discriminant polytope. This is due to the 
fact that i/^ is bounded below but not proper. Recall that 

Xl = i/2(P') 3 [zo ■■ z^] ^ V2{[zo ■■ z^]) = [zo' : ZqZ^ : z^^] G P^ 

Then it is easy to see that 

X2 = {Q = 0}, Q{X,Y,Z)^XZ -Y\ 
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In this case the X2-resultant is just Q. We compute the discriminant of X2, which we 
denote by Aq . It is a defining equation of the image of X2 under the Gauss map. 



[Z{p) : -2Y{p) : X 



— [zi '■ —'^ZqZi : Zq\ ^ X2 



P' 



,2V 



Let [a : b : c] denote homogeneous coordinates on P^^. Then 

= {Aq = 0} ; Agia, b, c) ^ b'' - Aac . 

Now we can compute the weight space decompositions of Rq and Aq. The relevant torus 
is given by 



Let t e H, then 



'ti 
C* ^ \ Q t2 

{ht2)-^ 



U e C*. 



tRq = t^-\Ut2)XZ - t2-^Y^ = t2XZ - t2-^Y^ 



Similarly, 



tAq = 12%"^ - t2~^Aac 



Aq e £;(o,2)^ ® £^(0,-1)^ := H%¥'\ 0{2)) 

The polytopes are line segment along the y-axis in the plane = x{H) 



(0,2) 



(0,1) 



(5.2) 



Pi^Q) 



p{Rq) 



(0,-1) 



(0,-2) 



In particular we see that 



as predicted by (??). 



-P{Rq) C P{Aq) C 2P{Rq) 



Example 2 . {The twisted cubic curve) 

Recall that the twisted cubic is the third Veronese image of P^ in P^ 
(5.3) Pi 3 [zo : ^1] ^ [^0' : -^o'^i : ^0^1 : e ^3 ^ 
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In this case the X -discriminant is given by 

A^i (00,01,02, as) = 

(5.4) 

'i 'i 

27aQa^ + 4aoa2 + 4a^a3 — a^a2 — 1809010203 . 
The weights are seen to be 

Xi = (0,-2,-2) X2 = (1,0,3) X3 = (-1,2,-1) 

(5.5) 

X4 = (0,2,2) X5 = (0,0,0). 
The X resultant is quite complicated and is given by 



Oq di O2 O3 
3 



— albg + 0203^0^1 — aialbobl + aoalbl — 0203^0^2+ 
20103^062 + 010203^0^1^2 — 3000360^1^2 — 0002036^62 — 0^036062+ 
200O2O36062 + O0O1O36162 - O0O362 + 0360^3 - 301O2O36Q63+ 

(5.6) 

300O36063 - 01O2606163 + 201O3606163 + 00O2O3606163 + 00O26163- 
200O1O36163 + O1O2606263 — 200O2606263 — 00O1O3606263 — 00O1O2616263+ 
300O3616263 + 000262^3 - O16063 + 300O1O26063 - 300O36063+ 

000^6163 — 2OQO26163 — OQO16263 + Ogftg . 

In this case the weights are given by 

r^i = (0, -3, -3) 7^2 = (-1,1, -2) 773 = (0,-1,-1) 

7/4= (0,1,1) 7/5 =(1,-1, 2). 

Then we have the following 

2 2,1 2 1,2 2 

Xi = ^Vi 3X1 + 3X3 = 3^/2 3X1 + 3X5 = 3r;2 

ix4 + ix5 = i?74 1x2 + |xi = Ivb ■ 

Therefore, as predicted by the asymptotic expansion of the Mabuchi energy, we have the 
inclusion 

(5.7) In{Rxi) C 7V(Avi) . 
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Example 3 . {The Fermat cubic in P^) 

Let y, z) be any smooth cubic polynomial. Let [a : b : c] denote coordinates on P^^. 
In this case there is a rather remarkable explicit expression, due to Schlafli, for Ap, the 
defining polynomial of the dual variety to the elliptic curve Xp (see [14J pg. 23 Theorem 
2.6) . First we define a polynomial V{{a, b, c); (x, y, z)) by 



/O 



(5.8) 



V{{a,b,c); {x,y,z)) := det 



a 


b 


C 




a'^F 


a^F 


dxdx 


dxdy 


axdz 


d^F 


a'^F 


a^F 


dydx 


dyay 


ayaz 


a^F 


a'^F 


a^F 


dzdx 


azdy 


azdz 



Then Schlafli's formula says that 



(5.9) 



Ap{a, b, c) = det 



/o 


a 


b 


c \ 


a 


a^v 

axdx 


a^v 
axay 


dxaz 


b 


ayax 


av 

dyay 


92 y 

ayaz 


V 


azdx 


azay 


92 y 
dzaz / 



Now let F(x, y, z) = + y^ + z^, the Fermat cubic. Then it is easy to see that 

Apia, b, c) = 1296 (a^ + b^ + - 2a%^ - 2a^c^ - 2b^c^) . 
The corresponding weights are 

Xi = (6,0) X2 = (3,3) 



(5.10) 



X3 = (0,-3) x4 = (-3,0) 



X5 = (-6,-6) X6 = (0,6). 
The weights of the resultant are 

r/i = (-3,0) r/2 = (3,3) r/3 = (0, -3) . 
Therefore, the Chow polytope is a triangle. According to (??) we should see that 

J\f{F) c Af{Ap) c 4A/'(F) . 
The first and second inclusions follow from 
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Vi = |X5 + |X6 Xi = i(4r72) + |(4r73) 
?72 = |xi + |x6 X2 = |(477i) + |(4r73) 

^3 = 1X5 + ixi X3 = |(4r/i) + |(4r/2) . 

The situation is pictured below. 

In figure 2 the large light grey triangle is 4J\f (F) , the black triangle is , the discrim- 
inant polytope J\f{AF) of the Fermat curve is the dark grey triangle. The vertices of each 
triangle are located on the midpoints of the edges of the triangle containing it. This gives 
the complete picture of the behavior of the Mabuchi energy of Xp along any degeneration 
A in H, the standard torus in SL{3, C) . There are six cases to consider. In tables 1 and 2 
below X — {a, b) denotes the one parameter subgroup 

ft" \ 

\o r("+*7 

Ix denotes the integral linear functional corresponding to A. The edge of the triangle joining 

p Q 

P to Q is denoted by • •. When we write Ix = m ,we mean that the functional 

has constant value m along the indicated edge. Let us explain, in one case, how the A's are 
chosen below. Let Ix = l(a,b) assume that the (negative) minimum of l(^a,b) over the large 

(-12,0) (12,12) 

grey triangle is constantly attained along the edge • ".Of course we 

have that 

-12a = 6b <S=^ -2a = b A = (a, -2a) a > . 

In which case we may just take a = 1. Observe that for A = (a, b) we have 

<^(A) — > oo mm^^^j^(^F)}lx{x) > (2 x 3)min{a, b, -(a + b)} . 

Table 1 . Mabuchi asymptotics along the outer triangle 

(-12,0) (12,12) (12,12) (0,-12) (0,-12) (-12,0) 
• • • • • • 

A =(1,-2) A =(-2,1) A = (1,1) 

Ix = -12 Ix = -12 Ix = -12 

*b(A) = 0(1) *s(A) = 0(1) *b(A) = 0(1) 

= {x^ + = 0} xj^°^ = {z^ + y3 ^ 0} xf^ = {x^ + y3 ^ 0} 

i^w(A) > oo i^a;(A) > oo i^a;(A) > OO 

JujW ^ oo JojW ^ CO JwW ^ oo 
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Table 2. Mabuchi asymptotics along the middle triangle 

(-6,-6) (0,6) (0,6) (6, 0) (6, 0) (-6, -6) 

• • • • • • 

A =(2,-1) A =(-1,-1) A = (-1,2) 

Ix = -6 lx = -6 Ix = -6 

^i?(A) — ^ -oo ^b(A) — > -oo ^i?(A) — > -oo 

^A(O) ^ ^ ^A(O) ^ ^ 0} = {Y^ = 0} 

^/^(A) = 0(1) r^^X) = 0(1) = 0(1) 

^(A)=0(1) ^(A) = 0(1) ^(A)=0(1) 

Tian has shown that on any compact Kahler manifold there are positive numbers P and 
C = C{P), such that for all Lp e 7i^(X) we have 

e-^V < Cip) . (*) 

X 

Definition 11 (Tian's a -invariant). 

a = a{X) := sup{/9 > | /3 satisfies (*)for some C{P)} 

The definition of a and the concavity of the logarithm imply at once that the following 
inequality holds 

Therefore, i/^ is proper whenever /i < 0, in particular we have that 

^uj{.X) — > oo whenever J^{\) — > oo . 
This explains the last two rows of Tables 1 and 2. This suggests the following conjecture 

Conjecture 2. Let X ^ be a smooth, linearly normal algebraic curve with genus 
g > 1. Then for any maximal torus H we have 

deg{Ax)Ar{Rx) n deg{Rx)dAf{Ax) = deg{Ax)Vert{X{Rx)) • 

Vert{J\f{Rx)) C supp{Rx) denotes the vertices ofN{Rx) ■ 

6. The Geometric Technique 

This section is devoted to giving a brief account of the Geometric Technique. The au- 
thor's understanding is that the method is due to many mathematicians. Outstanding con- 
tributions have been made by A. Cayley (1848), G.Kempf (1976), Gelfand, Kapranov, and 
Zelevinsky (1989). The author has also learned a great deal about the method from the 
monograph of J. Weyman [I40L especially the "basic set-up" of chapter 5 and the paper 
ifTSll of Kapranov, Sturmfels, and Zelevinsky. An analytic modification of this method 
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plays a vital role in the author's original approach to the Tian-Yau-Donaldson conjecture. 
For more details see Il29l . 

6. 1 . Applications to Syzygies. Let X" be a smooth linearly normal subvariety. We 

consider a parameter space S of "linear sub-objects" / of P^. That is, S may parametrize 
points, lines, planes, flags, etc. of P^. Consider the admittedly vague statement 

''The general member f ofS has a certain order of contact along X" (**) 

Let Z be the (proper) subvariety of those f E S violating (**). 

Example A (Cayley-Chow Forms). We take S to be the Grassmannian of N — n — 1 
dimensional linear subspaces of P^ 

S = G{N -n- 1,P^) := {L C C^+^ | dim(L) = N - n - 1} . 

In this case the general member / = L of S fails to meet X. Therefore we take 

Z = {Le G(X - n - 1, P^) |L n X ^ 0} . 

Example B {Dual Varieties) . Let S = P^^ the dual projective space parametrizing hyper- 
planes H inside P^. Bertini's theorem provides us with our "order of contact" condition. 
Namely, for generic H E P^^ i7 fl X is smooth. Therefore we define 

Z = {H eF^^ \HnXis singular }. 

Observe that 

Z = {H E P^"^ I there exists pEX such that Tp(X) C H}. 
The next example includes both A and B as extreme cases. 

Example C (Higher associated hypersurfaces (see fT4'| pg. 104)). Fix L C C^+^ ; 
dim(L) = n + l<N+l. Consider the subset U of the Grassmannian defined by 

(6.1) U:={Ee G{r; C^+^)| H'(o^EnL^E^ C^+V^ ^ o) = 0} . 

In order that U be open and dense in G{r; C^+^) it is enough to have r = dim(£') > 
X + 1 — (n + 1) = N — n . Therefore we set r = X — / where < / < n. Next let 
{Ei} be a sequence in U converging to E^o E G{r; C^+^) \ U. Then rank(7roo) < N — n. 
Therefore, by the rank plus nullity theorem we have that 

dim(Eoo n L) = X - / - rank(7roo) 
^^■^^ >N-l-{N-n)=n-l. 

Therefore 

(6.3) G{r- C^+i) \U = {E\ dim(E n L) > n - / + 1} . 

This motivates the following. Let X" — > P^. Let < / < n, 5 := G(X - / - 1, P^) . 

Then we take Z to be 

(6.4) 

Z ■= 

{E E G(X- (/ + 1),P^) I 3 p E X such that p E E and dim(E n Tp(X)) >n-l}. 
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In this situation we denote Z by The reader should observe that = 

{Rx = 0} and Zi{X) = X^. Zn{X) plays a fundamental role in our study of the K- 
energy. In fact, it can be shown that 

(6.5) Zn{X) = {Axxp-i = 0} . 

In all of our applications we may take S = C'' for appropriate k. For example in A 
we may replace G{N — n — 1,P^) with M(„_|_i)x{Ar+i)(C). In our applications Z has 
codimension one . Then Z C C'^ is an irreducible algebraic hypersurface defined by a 
single polynomial Rz 

Z^{feC^\ Rzif) = 0} . 
Z is naturally dominated by the variety of zeros of a larger system {sj{p, f) = 0} in more 
variables p. That is, Z is the resultant system obtained by eUminating the variable p. In our 

examples p ranges over X. 

Rzif) = iff / G Z iff {sj{- , /) = 0} has a solution pinX for the fixed / e . 

We define the incidence variety I by 

/ := {(P, f)^XxC'\ sj{p ,f)^0}^Z. 

In geometric terms (p, /) e / if and only if / fails to meet X generically at p (and possibly 
at some other point q ) . 

In examples A and B / has the structure of a sub-bundle S of the trivial bundle £ : — 
X X C'^ over X. Let Q be the quotient bundle. Then we have the short exact sequence of 
vector bundles over X 

— >S — >S — >0. 
Let pi denote the projection of £ onto X. Then the projection tt from £ to Q gives (tauto- 
logically) a regular section s of p*i{Q) over £. The basic set up is pictured below. 

7r2 



Pi*{Q) 



Q 



P 



(6.6) 



Xx& 



Pi 



X 



P2\l 



P2 



In order to analyze Oz (i.e Rz) G.Kempf 's strategy is to consider the higher direct images 
under p2 of i^Oi 

Since / arises as the base locus of s e x C^, the Cayley-Koszul com- 

plex {K*{Q), d*) on Q provides a/ree resolution of u^Oi . Therefore Kempf replaces 

^;..(^*^/)with 
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Let V be a holomorphic vector bundle on X. For / G C'^ we consider the complex of 
(locally free) sheaves on X 

(n+l-. \ 
/\ (Q'') ® Vim), dA Z 9 m » . 

The boundary operator is defined by interior multiplication with /). Observe that 
this cornplex is exact whenever f ^ Z. The Leray hypercohomology spectral sequence 
implies [j that taking global sections gives a long exact sequence of finite dimensional 
complex vector spaces 

{E-Q{V{m)),d}) := {H\X, K' [Q'' ) ® V [m)) , d}) fe&\Z 

(6.7) 

d} = {s{.j)A.r . 

Proposition 6.1. Assume that the boundary operators depend polynomially on f, then there 
is an integer q (the Z adic order of the determinant) such that 

Tor(E^(V(m)), d'f, {ef}) = R%{f) / G C^ 

Tor denotes the torsion of the based exact complex. See [[T4l appendix A pg. 480 . 

Proposition 6.2 (The Z-adic order of the determinant). Assume that the boundary opera- 
tors are linear in f, then the Z-adic order may be determined as follows 

n+l i 

(6.8) gdeg(i?z) = /\(Q^) ® V(m)) . 

i=o 

The previous two propositions taken together comprise the Cayley method of Gelfand, 
Kapranov and Zelevinsky. This aspect of the method is well known in algebraic geometry 
and commutative algebra. 

To summarize, the algebraic method consists in applying the higher direct image functor 
i?'^ to the twisted Cayley-Koszul complex of sheaves resolving the structure sheaf of the 
desingularization / of the non-generic contact variety Z C The output of the method 
is an (in principal) explicit formula for the defining polynomial of Z as the determinant of 
a complex . For a complete account see [14J or the more elementar){^ treatment [|28l . 

6.2. Applications to Energy Asymptotics. 

The geometric technique for the computation of energy asymptotics consists simply in 

- — • 

replacing the functor R*^ { ■ ) by p^Ch ( ■ ) . 
' — '• 

Let us explain the "functor" p*Ch ( ■ ) for discriminants. The quotient bundle Q is the 
bundle of one jets of This is a rank n+l vector bundle over X. We shall denote 

this bundle by Ji((9x(l))- V is taken to be the trivial bundle of rank one . The first step 
is to extend the Cayley-Koszul complex to G x X. This is done merely by pulling back to 
the product 



This is why m is chosen very large, as this will kill any higher cohomology. 
'"elementary" means without the derived category. 
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n+l—i 

The point is that over the product the complex is naturally endowed with the family of 
Hermitian metrics 

n+l—i 

hcN+i denotes the standard Hermitian form on C^"^^ 

hcN+i{V, W) := VqWq + viWi + ■ ■ ■ + v^wn ■ 

' — • 

If p denotes the projection of G x X onto G then ^^.Ch ( KQ^m); H'{a), H'{e) ) 
denotes the integral over the fiber of the double transgression of the Chem character of the 
complex. This is a smooth function on G. For complete details see [29|. The output of the 
geometric technique for the computation of energy asymptotics is the following theorem of 
the author which exhibits the "height" of the defining equation oi Z = as an integral 
over X of a local curvature quantity derived from the metric uj„ . 

Theorem 6.1 ( [|29l ). Let X be a smooth, linearly normal n dimensional subvariety. 

Let X^ be the dual ofX. Assume that X^ is a hypersurface with defining polynomial Ax- 
Then 

(6.9) p,Ch\K'Q{m)-H'{a), i/'(e) ) = log ""^ ' 



lA 



12 



0" G G (e denotes the identity in G) , \\ \\ is (essentially) the standard norm on the vector 
space of degree := deg(X^) polynomials on (C"^"*"^)^ . 

Remark 10. The new element in the above is that we consider the Bott Chern class of a 
complex of vector bundles, not merely a formal linear combination of line bundles as exists 
in the literature (see [|38l ). 



The main result of the present paper consists in working out the left hand side of (6.9 1 in 
the case where X has been replaced by X x P"~^ 

7. Proof of Theorem A 



The main result of this paper (4.8 1 follows at once from (6.9 1 and the following proposi- 
tion. 

Proposition 7.1. Let X" "-^ be a smooth, linearly normal algebraic variety of degree 
d > 2 . Let Rx denote the X-resultant . Let AxxP"-i denote the X-hyperdiscriminant . 

Then 

(7.1) 



deg{Rx)p*Ch ( K'Q{m)]H\a), H'{e) ) = z/^((^,) + deg(AxxP"-0 log 

This entire section is devoted to the proof of this proposition. To begin let 
w := (wi, W2,..., Wn) e C" — > (1, Ti{w), T2iw), TNiw)) e C 



W-Rx\''^ 



\R 



x\ 



12 



N+1 
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be a local parametrization of X, where X C C^+^ \ {0} is the affine cone over X. The 
{wi, W2, . . . , Wn) are local coordinates on X. Observe that 

e{w) := {l,Ti{w),T2{w), . . . ,Tn{w)) 

locally trivialize the bundle Ji((9(l) Note that e{w) spans 0{—l) \x ■ In the algebraic 
geometry literature, the bundle of one jets is described in rather abstract terms, in our 
situation we can be very concrete. 

(7.2) Ji{0{l)\xy = {ip,w) eX X C^+i| VF^ip) ■ w = for all a} ^ X X C^+^ . 

Ji{0{l)\xY therefore inherits the standard Hermitian metric /icjv+i from its embedding in 
X X C^+^. In this paper extensive use is made of the following. 

Proposition 7.2 (The 1-jet complex). There is an exact sequence of vector bundles on X. 

(7.3) ^ Ox{-l) ^Ji{Ox{l)Y ^ T^'\X) ® Ox{-l) ^ 

Since we will need an explicit description of the maps we recall the construction . Below 
we abuse notation as follows. On the one hand tt denotes the map 

.h{Ox{l)y ^ T''\X) ® Ox{-l) ^ . 

On the other hand we also denote by tt the projection onto 

TT : C^+i \ {0} ^ . 

Finally we can define tt in ( |7.3 ) by the formula (where it{v) = p) 



JiiOxil)y 3 ip,w) ^ 7iip,w) := n,\,{w)0ve T'^'iX) Ox(-l) • 
The rationale for this follows from the fact that for all w E C^+^ and a; G C* we have 

a 



(7-4) gfjiz) := Y^{Sij\z\^ - ZiZj) . 



Let z e C^+^ \ {0} we define 

1 

\z\ 

Let Hfj{z) be given by 

Hfjiz) := \z\'^gfj{z) . 
Then H is a positive definite Hermitian form on l)"*"- Moreover 

hcN+i \ox{-i)^ = H ■ 

Therefore the standard Hermitian metric /icat+i descends to to ® hps on T^'°(X)(— 1) . 

Then |e(w)p represents the Fubini Study local metric potential. Therefore the Kahler 
form on X is given by 



UJ = ujfs\x = ^^^—^dujdujlog \e{w)\^ 
An 
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(e, fi. 



_d_ 
dwi 



dwidwj 



\T\ 



By we mean the orthogonal projection of fi onto C(— 1)- 
Then with respect to the smooth basis 

/l 5/2 5 • • • 5 /n } 

the matrix presentation of the metric H has the shape 














\ 







e 


^^11 ... 


e 









e 


^^21 . . . 


e 


^C/2n 






e 


"^Qnl ■ ■ ■ 


e 


9nn j 



Let i^o be the matrix presentation of H with respect to {e; /i, /2, 
to see that Hq and if 00 are related by 

(7.5) Ho = Q^H^Q . 

The matrix Q is given by 

/I gi q2 ... g„\ 

1 ... 

... 1 

VO . . . 1 / 



Q 



(7.6) 



then it is easy 



{fi , e) 



Therefore 

(7.7) det(/foo) = det(i/o) = |e|'("+') det(^,j(z)) . 
This gives the following pointwise identity of forms . 

(7.8) ci(Ji(0(l)U)\ hcN+.) = -{n + l)ujFs\x + Ric{ujFs) ■ 

( |7.8 1 is a special case of a much more general "metric splitting" of the Chem forms of the 
exact sequence 

(7.9) ^ Oxi-1) ^JiiOxil)y ^ Ti'°(X) ® Oxi-l) ^ . 

Since this is of such importance for the main result of this article and has played a signifi- 
cant role in the field in general we take time to discuss it. 
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Let X be a complex manifold, and consider a short exact sequence of analytic vector 
bundles over X 

0^ So ^81^82^0. 
It is well known that the following identities are valid in H*{X, C). 

Cr{Sl) = Cr{So)Cr{S2) 

(7.10) 

Ch{Si) = Ch{So) + Ch{S2) . 

When the terms of the sequence are equipped with Hermitian metrics hj and corresponding 
curvatures Q{£j , hj) we may ask if the pointwise identities hold 

det [rlr, + 6(^1 , /ii)) = det (r/,„ + 0(^0 , K)) det (rJ,, + 0(^2 , /i2)) 

(7.11) 

Tr(exp(0(£i , hi))) = rr(exp(0(£o , /^o))) + rr(exp(0(£2 , /^2))) • 

In general they do not. An important example, that has in some sense shaped the field of 
K-stability, is the following. Let Xp be a smooth hypersurface of degree d > 2 inside 
pn+i jj^ej^ have the famous adjunction sequence 

(7.12) T^'° ^ TitAx, Opn+i(rf)U^ . 

Equip each term Sj in the sequence with the induced Fubini-Study metric. In Tian has 
shown that 

I — T \dF\2-' 

1 / Z^c 



(7.13) Ric{ujFs\xp) = in + 2- d)iUFs\xF 7: — ddlog 



■'0<j<n+2 I dz. 



2tx ° \ \\z 



\2d~2 



This shows that the pointwise identity already fails for ci. This phenomena has been thor- 
oughly analyzed by Bismut, Gillet, and Soule in their famous 1988 paper "Analytic Torsion 
and Holomorphic Determinant Bundles /" (see [5]). The obstructions to splitting are called 
the secondary classes of Bott-Chern. Precisely, Bismut, Gillet, and Soule construct forms 
Ch{£, ; h,) which are unique modulo d and d terms satisfying the following. 

(7.14) 5^(-l)^Tr(exp(0(£:, , h,)) = -^^ddCh{£, ; h,) . 

j=0 ^ 

They construct similar classes for the total Chern class Cr- These secondary forms all have 
the property that, whenever the sequence splits as a holomorphic Hermitian sequence the 
forms vanish identically. Since the jet complex does not split metrically (where each term 
has its natural metric) a somewhat surprising fact about this complex is the following . 

Proposition 7.3. The Bott-Chern secondary classes of the jet complex with respect to the 
natural metrics vanish identically. Precisely, there is a pointwise identity of forms on X 

(7.15) 

det (r/„+i + 0(Ji(Cx(l))'' , hcN+i)) = (r - uopsU) det ((r - uJFs\x)In + K^su) 

Tr(exp(0(Ji(Ox(l))^ , /^c^+O) = eii^{-i^Fs\x) + Tr[e^-^{-ujFs\xIn + Kps\x)) ■ 
^'^Fs\x denotes the full Riemann curvature tensor of {X , ujfs) ■ 
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A proof of ( |7.15[ ) will be provided in the next section for the top Chern class c„. This is 
all that is required for my purpose. 
Let 

— ^8^Q — >0 

be a short exact sequence of holomorphic vector bundles on some complex manifold X. 
Assume that 8 is equipped with a Hermitian metric h. Then S acquires a metric by restric- 
tion and Q by the (smooth) isomorphism 

The purpose of this paragraph is to analyze the curvature in terms of and F®. This 
is due to Griffiths (see [fT6ll section 6.3, [fTTl section 2 (d) ) . This will then be applied to 



the jet sequence (7.3 1. D always denotes the unique holomorphic Hermitian connection. 
(7.16) 

= o j* + TT* o on + aoj*+/3on*on. 
Where we have defined 

a ■= of - of 

(7.17) 

13 := oTi* oTi -Ti* o D'^ on . 

a is the second fundamental form of the inclusion — > S — > £ . 
Proposition 7.4. 

a e C°^{Q\f ^Hom{S, S^)) 

f3 = -a* e C°^iQf ® Hom{S^,S)) . 
In particular we have that 

TToae C°°{n]f ® Hom{S, Q)) 



(7.18) 



Pon* e C^{nf ® Hom{Q, S)) 

(tt o a) A (/3 o TT*) G ® Hom{Q, Q)) 



iP o TT*) A (tt o a) G ® Hom{S, S)) 

Then we have the basic curvature formula. 
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Proposition 7.5. 

= O / + TT* O F2 o TT + 7r*dHom(S,Q){^ O «) O / 

(7.19) 

+ ^!^L(Q,5)(/^ o7i*)o7i+{f3Aa)oj of + {aAf3)o7i* on . 

Now we return to our situation, S = Ox(-l), = Ji(0(l)U)'^, and Q = 
In this case we have the identifications 

Hom{S, Q) ^ T'/ 

(7.20) 

Hom(Q,S) ^ n]f . 

The next proposition is crucial, it identifies the second fundamental form a, in particular it 
shows that a is metric independent. 

Proposition 7.6. 

d d _ d 

(7.21) t: o a — dwi ® h dw2 ® !-••• + dwn 



n 



OWi OW2 OW, 

Consequently, 

(7.22) (3 on* — — 9ij{'w) dwj (8) dwi . 

l<i,j<n 

Therefore a is holomorphic, (3 is parallel and the curvature operator reduces to 

(7.23) = F^oj* + 7r*oF^o7r+{(3Aa)ojo j* + {a A (3) o n* o n 
Proof. The proof is a straightforward computation. To begin 

(7.24) L>-^i('^WI^)''(e) =u;ii®e+ ^ ® . 

2<j<n+l 

The matrix of connection forms is given by the usual rule 

(7.25) coij^ Yl h^'dhjk. 

l<fe<n+l 



Therefore we have 

dw. 



dh 

cuji = h''^— — dwi = h'^^hi+ikdwi = 5i+ijdwi = dwj-i {j > 2) 



(7.26) 
By the same token 

(7.27) d\og{\e\') = ^-^dw, + ^-^dw^ + ■■■ + 
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Therefore 
(7.28) 

= (/i - 



= fi ® dWi + f2 (8 rfw;2 H ^ /n ® C^'W^n • 

Since Tr{fj) = e® ^ we are done. 

From the above we have that 
(7.29) 

{(3 ^a)o j o j* = ^ gfjiw) dwi A dwj = ufs\x ® lo(-i) 



□ 



(vr o a) A (/3 o TT* 



/—gii{w)dwi A (iw; —g2i{w)dwi A (iw; . . . —g^i{w)dwi A (iw^X 
gii{w)dw2 A (iw; —g2i{w)dw2 A rfw; . . . —g^i{w)dw2 A rfw; 

. -gnT{w)dwn A (iwi/ 



\— (7i;-(w)(ii(7„ A (iw; —g2i{w)dwn A dti?/ . 
Where we sum over repeated indices. Therefore, 

(7.30) pMoWlxV = ^* o (^-cufsU ® V.o + o vr + (a A /3) o vr* o TT . 
Since a takes values in S-^ we have 

(7.31) TT* o (tt o a) A (/? o vr*) o vr = (a A /9) o vr* o vr . 

At the center of a normal coordinate system the second fundamental form operator S :- 

(vr o a) A (/9 o TT*) takes the shape 

( —dwi A dwi —dwi A dw2 ■ ■ ■ —dwi A dwn\ 
-dw2 A dwi —dw2 A dw2 ■ ■ ■ —dw2 A dwn 



(7.32) 

Observe that 
(7.33) 
Therefore 
(7.34) 



S 



y—dwn A dwi —dWn A dw2 ■ . . —dWn A dw, 
Tr{{n o a) A (/5 o vr*)) = -upslx ■ 



nj 



(n + 1)ujfs\x + ^ic{ujfs\x) ■ 



( |7.34[ ) is consistent with ( |7?8 



Lemma 7.1. Let F denote the full curvature tensor of ujfs\x- the center of a normal 
coordinate system F has the shape 



(7.35) 



-ddgn . 
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Then, for all k > 1 we have that 
(7.36) Trace{F^S) = . 

The proof takes up one line 

(7.37) 

(_l)fc+iTrace(F^S) = 

f.^Z ^/Z' ■ ■ ■ If'tZ "^""P. ^ dzg, A---AdZp^A dz,, A dZi, A dzi . 
That this sum is identically zero follows at once from the identities 

^7 dzp.dzq^ dzi^dzq^ 

dzp^ A dzq^ A dzi^ = {-l)dzi^ A dzq^ A dzp,^ . 

The proof is complete. □ 

The definition of S implies at once that 

(7.39) S"^ = ujS . 
Since Trace(S') = —cu we have the following 

(7.40) Trace(F + S)^ = Tmce{F^) - lu'' . 

Lemma 7.2. For any A G M„(C) let a^^A) denote the kth elementary symmetric function 
of A. Then 

k 

(7.41) ak{F + S) = ^(-l)Vfe_,(F)^^' . 

Proof. The identity obviously holds when k = 1. We proceed by induction. So assume the 
identity for 1 < j < A; — 1. Newton's formula relating ak{A) and pk{A) := Trace(A^) 
together with ( 7.40p imply that 



(7.42) 

k 



cTkiF + S) = ^{X^(-iy+V,_,(F + 5)(p,(F) -c^)} 



k 



j=l 1=0 j=l i=0 
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Rearrangement shows that 

k k~j k~l 

(7.43) 

k k—j k—1 

j=l i=0 i=l 

Adding these two completes the proof of the proposition. □ 

Corollary 7.1. There is a pointwise identity of differential forms 

(7.44) Cr,{J{Ox{l)y , u;) = c„(T^'°(-l) , u) - Cn-i{T'/{-l) , u)u . 

Proof. To begin we have that 

c„(T^'°(-l) , u) - c„_i(T^'°(-l) , uj)u; = 

n 1 

(7.45) 



0=0 

By definition, 

Cn{{J{Ox{l)Y , uj) = a„(7r* o {-ujfs\xIt^,o + fJ-" + 5} o tt) 

(7.46) 

= det ( - ujfs\xIt^.o + -^o;^ + S) . 



By lemma (7.2 ) we have 

n n k 

{IAD 5^(-l)^c.V„_,(F + S) = Y, 5^(-l)"-('-^)a;"-(^-^)c,_,(F) . 

i=0 fc=0 jr=0 

Now the corollary amounts to the following 
Claim 7.1. 

n k n 
k=0 j=0 i=0 



The proof of the claim is similar to the proof of lemma (7.2) and is left to the reader. 



This completes the proof of the proposition. □ 

Let ^ G sl(iV + 1, C) and let a = exp(^) G 5'L(iV + 1, C). We introduce a one parameter 
family of metrics ht = {. , .)t on Ji((9x(l))^ joining h^N+i = ho to = hi by the rule 

(7.49) (V, W)t := {exp{tOW, exp{tOV) V,W e C^+^ . 
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Then 

ht\o{~i) = exp(v3f)| ■ p 

(7.50) 

ht\o{-i)^ = exp(v3t)| -l^ ®uJt . 

Where (ft and ut are given by 

■= log ^2 

(7.51) 

Our aim is to compute, for a general X, the direct image of the double transgression 

(7.52) p,Ch*( K*Q{m)- H'{a), H'{e) ) 

with respect to the path ht . Then we will replace X with X x P"~^ 
By the Borel Serre identity (see [9J pg. 57 example 3.2.5 ) we have 

p,Ch{K'Q{my,H'{a), H'{e)) = 

(7.53) 



(-1) 



Where F^^_^\^ is the full Riemann curvature tensor of ujt and U{t) is the endomorphism 
(7.54) U{t):={^H{s)-H{sr'f\t. 



Computation of the determinant in (7.53) at the point (o , t) with respect to the local 
analytic frame 

shows at once that 
(7.55) 

^ det (vr* o {F^^i^ - ujt\xln + S{t)] o vr + hU{t)) \k=o = det (F^,,^ - UtUh + S{t)) 

= v3tC„(Ji(0(l)U)^ ht). 

The next proposition seems to have been known to Cayley, a modem proof has been 
provided by Weyman and Zelevinsky. We give a new proof of the result of Weyman and 
Zelevinsky based on the theorem of Beltrametti, Fania, and Sommese mentioned in the 
introduction. The ingredients of the proof are required at a later stage in our argument. 
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Proposition 7.7. Let X ^ be a smooth linearly normal subvariety of degree d > 2. 
Let /i denote the average of the scalar curvature. Then the hyperdiscriminant of format 
(n — 1) is well formed with degree given by 

(7.56) (ie^(AxxP"-i) = ""-(^ + — dfi . 

In particular, 

deg ^AxjxP"-! j = ^{12 + l)(d — 1) ( is the dth Veronese image onF'^ . ) 



deg ^AxxP"-i j = n JJ^ di ^ di — ( X C P"+^+i a complete intersection . ) 

i=l 1=1 

deg (^'^x^ = 2d — 2 + 2g ( X a smooth curve of genus g . ) 
Proof. Recall the smooth isomorphism 

n 

(7.57) f];.o_^©O^0O(_l) . 
The short exact sequence 

(7.58) ^'xl^n-^{l) Ji(C>(l)UxP"-i) 0(l)UxP"-i 
implies the Chern class identity 

(7.59) c(Ji(O(l)UxP"-0) = c(l^ixP"-(l))(l + ^^5 + ^). 

Recall that the restriction of the hyperplane from the Segre embedding of X x P""i is the 
tensor product 

(7.60) Op(iV+l)n_l(l)UxP"-l = 0{1)\X ® Cpn-l(l) . 

Next we have the obvious holomorphic splitting 

(7.61) ^ixP"-i(l) = (1) ® ^-1(1) © l^ili(l) ® 0{l)\x . 
Therefore 

(7.62) c(f]i° p_i(l)) = c(^]^°(l) ® an-l(l))c(^];l,(l) ® Oil)\x) . 
By (7.57 1 we have the smooth isomorphism over X x P"~i 



(7.63) nlt^ii) ® o(i)U © ^-1(1) © 0(i)U = Oil)\x 

Taking the total Chem class then gives 

(7.64) c(n;'°-i(l) © 0{l)\x){l + ujFs + u) = {l + UFsT ■ 
Therefore we have that 

(7.65) c(Ji(O(l)UxP-0) = c(fix (1) © (^P"-(l))(l + ^FsT ■ 
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Next we require the well known identity. Let £■ be a rank r vector bundle and L a line 
bundle and < p < r an integer, then 

(7.66) Cp{E ^L)^J2C'Z %i{E)c,{Ly-' . 

We see that 



^'^•^'^^ c„(0^°(l) ^ C)pn-i(l)) = ci(f]^°(l))cu"-^ + 0^-2) 

So we see that 
(7.68) 

c( Ji(C»(l)UxP«-i)) = (ci(0^°)a;"-^ + nwFsOj''-' + nu^-^ + 0(a;'^-2)) (1 + c^^^s)" 
From this the component of top dimension is easily seen to be 

C2n-i(Ji(O(l)UxP"-0) = nci(fi^°X^ia;"-i + n^c^^sa;"-^ + nc^^^a;"-^ 

(7.69) 

= nci{Q}^)uj''pfuj''-^ + n(n + Ijc^^^tu""^ . 

Next we show that the integral 

(7.70) / C2„_i(Ji(0(l)|xxP-i)) =^n + l)o?-o?//>0 

JX 

if and only if > 2. The proof is a simple excercise in the adjunction formula, shown to 
the author by Lev Borisov. To begin, let i^i, i?2, ■ ■ ■ , Hn-i be generic hyperplanes in P^. 
Let Cg denote the intersection 

(7.71) Cg := r^l<j<n-lHj n X . 

Then Cg is a smooth curve of genus g. Let K denote the canonical bundle of Cg, then 

(7.72) 2g-2^ f c,{K) . 
There is an exact sequence 



n-l 



(7.73) T^f T'/\c^ 0Op.(l)|c^ 
from which we deduce the isomorphism 

(7.74) O^N{n -1)® Kx = K . 
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Therefore, 

2^? 



-2= / (-Ric(cj|x) + (ri-l)cj)cj""^ 



(7.75) 



n 



Since (7 > and d >2 we have the inequalities 

(7.76) < r2(n — l)(i + 2n — dfi < n{n — l)d + dn — dfi < n{n + l)d — dfi . 

That the hyperdiscriminant is well formed, as well as the degree formula follow at once. 

□ 

From our previous work on the pointwise splitting of the Chem forms and (7.69) we 
have the following 

Claim 7.2. There is a pointwise identity of forms on X x P""i 

(7.77) C2„-i(Ji(O(l)UxP"-0 ; ht) = -nRiciiuJuj;;'uj^-' + n{n + . 

We sum up the result of our work in the following 

Proposition 7.8. Let KQ{m) denote the twisted Cayley-Koszul complex resolving the struc- 
ture sheaf of the desingularization of the dual to X x f>^~^ in its Segre embedding. Then 

p,Ch\K'Q{m)-H'{a), H'{e)) = 



(US) 



Jo JXxP"-i 



Next we require the following well known result, which, in fact follows very easily from 
the techniques used in this paper. 
Theorem (Tian Zhang [43, Paul [|26l) . 

Let X be an n-dimensional subvariety ofF^, and let Rx denote the X -resultant. Then 
(7.79) - deg(X)(n + l)F°(v,.) = log I | ; B := FH'{G, 0{d)) . 



\Rx\ 

G := G{N — n — 1, P^) denotes the Grassmannian ofN — n — 1 linear subspaces ofF^. 

This ends the proof of proposition ( |7.1[ ). The proof of the Theorem A is now complete. 
Theorem B follows at once from Theorem A and proposition (3.2) . We formulate an ap- 
parently stronger but equivalent form of Theorem C as follows. 

Theorem C (strong form) . Let X — > be a smooth, linearly normal algebraic variety 
of degree d > 2. Then X is K-stable if and only if for all maximal algebraic tori H we have 

(7.80) v^i^r) > ld\n + l)J^{Vr) + C 

for all r E H. •y denotes a uniform positive constant which may be chosen so that r7 < 1, 
and C is a constant depending on H. 

'^We have made tacit use of the fact that the spUtting holds for the Fubini-Study metric on P". Precisely 

c{Tp^ ; cj) = (1 + 0;)"+^ pointwise. 
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The strong form of Theorem C as well as Theorem D follow at once from our main re- 
sult together with a simple modification of Sun's lemma. We leave the details to the reader. 

□ 



8. The algebraic Moser-Trudinger Inequality 

Recall that X\ ^ P"' denotes the rational normal curve of degree d > 2. We expand the 
Cayley Chow form Rxi of X] into a sum of monomials 



(P ; q)e^l^+^ \p\=\g\=d 



Recall that this is the classical resultant of two polynomials of degree d in one variable. We 
define the standarcj^ Newton polytope of the resultant by 

(8.1) KtndXRx^,) ■■= convexhull{(p ; q) \ Cp,, ^ 0} C . 

Similarly, 



Ajfi(ao,ai, . . . ,ad) = ^ 

pGZ^'+i \p\=d 



CpoF , 



and we define the standard Newton polytope of the discriminant by 
(8.2) Mstndi^x^) ■■= convexhull{p \ Cp ^ 0} C M'^^^ 



In [11211 . Gelfand, Kapranov, and Zelevinsky have given the following characterization of 
the standard Newton polyhedra of the classical discriminant and resultant. 
Theorem (Gelfand, Kapranov, Zelevinsky [fT2ll ) . 

a) The standard Newton polytope of the classical discriminant is characterized by the fol- 
lowing equalities and inequalities where (po,Pi, • • • ,Pd) G M'^+^ 



^{d - i)pi = d{d - 1) ^pi = 2d-2 

i=0 i=0 

(8.3) 

j 

Pj>0 Y.^]-^)p^>]{]-l) 0<j<d. 

i=0 



As opposed to the weight polytope 



44 



SEAN TIMOTHY PAUL 



(8.4) 

b) The standard Newton poly tope of the classical resultant is characterized by the following 
equalities and inequalities where (po, Pi, • • • , ; QoyQi, ■ ■ ■ ,(ld) ^ ]R^'^+^ 



'^{d-i)pi + ^{d-i)qi = d"^ ^Pi = ^qi = d 



1=0 



i=0 



i=0 i=o 



Pi, 



>0 J2^J-^)p^ + J2^l-k)qk>Jl 0<j,l<d. 



i=0 



k=0 



Given {p; q) := {po,Pu ■■■^Pd, go, Qd) e K^'^"^^ we define mappings S and Wr 

into W'-'^^ and M'^ respectively by the rules 

S{{p; q)) = {po + go, Pi + gi, . . . ,Pd + g^) 

Wr{{p; q)) = (po + go - (Pd + gd),Pi + gi - (Pd + Qd), ■ ■ ■ ,Pd-i + Qd-i - (Pd + Qd)) ■ 



We similarly define Wa ■ XstndX^x^) — ^ -^(^xO • It follows easily from ( 8.4 ) that 



the image of MstndX^x]) under {^—^)S is contained in MstndX^x]) ■ By definition of the 
weight polytope, we have that 

WR{Mstnd.{Rx},))=M{Rx^) 



WA{UstndX^X}))=^{^ 



The inclusion (4.26 1 follows at once from the commutative diagram 



'd~i 



■^fstnd. (R 



■^fstndX^X]) 



Wa 



,d-l 
' d 



WR 



A/'(A 



Next we exploit a nice observation due to Nefton Pali (see ESI ) . 

(8.5) d [ (\V'^^\og{^)\'u; + 2K^\ogi^)uj) > u^v) . 



The left hand side of ( |8.5[ ) is the Moser Trudin ger v a riatio nal functional. For t E H we 
define ipt '■= log (^), := Scal(c<j) . Then by (8.5 1, (3.1 1 and Theorem A we deduce the 
following result. 
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Theorem 8.1. Let X]^ ^ P'^ denote the rational normal curve of degree d > 2. Then for 
all t e (C*)*^ we have the uniform lower bound on the variational functional 



(8.6) \ I (I V^'Vtr + '^K^i^t) uj > 2cimin^esupp(A^i) log 

a Jxl d 



■||(Ax3)xl 



|Avi| 



Where ipt is the conformal factor log (^) . 
This completes the proof of our algebraic "Moser Trudinger Inequality". 



9. Directions for future research 

Polarized Toric Varieties. The author plans to develop Theorem B in the context of 
Gelfand, Kapranov, and Zelevinskys' beautiful theory of principal A-discriminants, de- 
terminants and resultants. Perhaps there is a relationship between GKZ hypergeometric 
systems associated to polarized toric manifolds and constant scalar curvature metrics on 
those manifolds. 



Extremal Kahler Metrics . Find the analogue of Theorem A for extremal metrics on po- 
larized manifolds. 



Non-Convexity and the Numerical Criterion . Let Ei and E2 be two finite dimensional 
complex rational representations of G. As usual G — SL{N + 1, C). Let Pi G C[Ei] and 
P2 e €[£'2] be two polynomials. G acts on these by the usual rule 

a ■ P{v) = P{a-^ ■ v) . 

Assume that for all one parameter subgroups A : C* — > G we have the lower bound 



V 



\m-- 




2 




\Pi\ 


2 



\m-- 


P2\ 


to 




\P2\ 


2 



- deg(Pi) log " > -00 |t| ^ 



1 1 1 1 denotes the standard norm on polynomials, the sum squared norms of the coefficients 
with respect to some basis, for example. We pose the following problem. 

Under what circumstances is there a uniform constant C such that 

deg(P2) log f - deg(PO log f ^^"l > C 



for all a e G ? 

A solution to this would provide a "non-convex numerical criterion" . This nonconvexity 
seems to have been completely overlooked in the literature on K-Stability. Theorem A es- 
tablishes the lack of convexity. We cannot overemphasize that the numerical criterion is 
the bedrock of geometric invariant theory. A fundamental problem is the following . 

The strong numerical criterion for the Mabuchi energy . Assume that there is a se- 
quence {(7i} C G such that 

liminf y^^i^ai) = -00 ■ 
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Does there exist a one parameter subgroup A : C* — > G such that 

lim v^{ipx{^t)) = -oo ? 
\t\ >o 

Conjecture 3. Let (X, —Kx) be an anticanonically polarized Fano manifold with discrete 
automorphism group. Then X admits a Kdhler Einstein metric if and only if {X, —Kx ) is 
K stable (in the sense of definition @j/or all sufficiently large powers of —Kx- 
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